Abstract. We consider the numerical approximation of a 1D singularly perturbed convection-diffusion problem with a multiply degenerating convective term, for which the order of degeneracy is 2p + 1, p is an integer with p ≥ 1, and such that the convective flux is directed into the domain. The solution exhibits an interior layer at the degeneration point if the source term is also a discontinuous function at this point. We give appropriate bounds for the derivatives of the exact solution of the continuous problem, showing its asymptotic behavior with respect to the perturbation parameter ε, which is the diffusion coefficient. We construct a monotone finite difference scheme combining the implicit Euler method, on a uniform mesh, to discretize in time, and the upwind finite difference scheme, constructed on a piecewise uniform Shishkin mesh condensing in a neighborhood of the interior layer region, to discretize in space. We prove that the method is convergent uniformly with respect to the parameter ε, i.e., ε-uniformly convergent, having first order convergence in time and almost first order in space. Some numerical results corroborating the theoretical results are showed.
Introduction
In this paper we construct a numerical method for solving the following 1D parabolic initial-boundary singularly perturbed problem, with a convective term degenerating inside the domain: L u(x, t) = f (x, t), (x, t) ∈ G \ S ± , u(x, t) = ϕ(x, t), (x, t) ∈ S, l ± u(x, t) ≡ ε ∂ ∂x u(0 + , t) − ∂ ∂x u(0 − , t) = 0, (x, t) ∈ S ± , The convective flow is directed toward the center of the interval D, and the first-order derivative with respect to x of the problem solution is continuous at x = 0. We assume that p is an integer such that p ≥ 1, and also that a(x) > 0, r(x, t) ≥ 2r 2 0 , with r 0 > 0 for (x, t) ∈ G.
(1.
2)
The source function f (x, t) is continuous on G + and G − , where
and it has a first kind discontinuity on the set S ± . Thus, problem (1.1) is an initial-boundary value problem for a singularly perturbed parabolic equation with the multiply degenerating convection term, and a source term having discontinuity on the set of degenerating convection.
Moreover, we assume that the data of problem (1.1) satisfy sufficient conditions that guarantee the required smoothness of the solution on the sets G and compatibility conditions for problem (1.1), we refer to [2] , where a problem with a simple degenerating convective term was considered.
A solution of the initial-boundary value problem (1.1) is a function u(x, t) ∈ C(G)
, having the first-order derivative in x such that ∂ ∂x u(x, t) ∈ C(G), i.e., the function u(x, t) is continuous on G and it has continuous derivatives up to the second order in x and to the first order in t, on G − and G + , satisfying the differential equation in (1.1) on the set G \ S ± . The characteristics curves of the reduced equation are tangent to the set S ± on which the right-hand side has a discontinuity, and therefore, when ε → 0 + the solution exhibits an interior layer. However, due to the sign of the flux in the domain, the characteristics of the reduced equation enter into the domain G, and they are not tangent to the lateral boundary S l ∪ S r ; therefore, in problem (1.1) boundary layers do not arise.
Problems for partial differential equations with discontinuous data in the differential equations (i.e., diffraction problems) in the case of regular equations are discussed, e.g., in [6, 7, 12] , and in the case of singularly perturbed problems, e.g., in [5, 11] . In [3] a difference scheme for a singularly perturbed parabolic equation, where the convective term degenerates on the boundary, was considered. A technique to analyze the ε-uniform convergence of numerical schemes defined on piecewise-uniform meshes, for a singularly perturbed elliptic equation when the convective term degenerates on the boundary, was considered in [4, Chapter 7] .
Problem (1.1), when the convective term is x ∂u ∂x and the reaction term is r(x, t) ≡ 1, was considered in [2] , where it was proved that the numerical scheme combining the implicit Euler method on a uniform mesh in time and the classical upwind scheme on a piecewise uniform mesh in space, gives a uniformly convergent scheme. In [1] a subclass of the problem (1.1) was considered and some numerical experiments showed that the scheme proposed in [2] is also ε-uniformly convergent for this case. Here we extend the numerical results of [1] to the most general problem (1.1), proving theoretically the ε-uniform convergence of the method using a truncation error argument. The analysis is based on a discrete comparison principle and appropriate estimates of the solution and its partial derivatives. Note that the problem (1.1) is the diffraction problem; problems of such a type for ε = 1 are considered, for example, in [6] (see., e.g., Chapter 13, Theorem 13.1, 13.2 and discussion there).
The paper is structured as follows. In Section 2, we study the asymptotic behavior of the exact solution, proving appropriate bounds of its derivatives, which are used in the posterior error analysis associated to the numerical scheme. In Section 3, we introduce the numerical scheme and we give the main result of the paper, where we state that it is an ε-uniformly convergent scheme in the maximum norm and it has almost first order in space and first order in time. The proof of that ε-uniform convergence is included in the appendix. Finally, in Section 4, some numerical results are presented, illustrating the efficiency of the method and corroborating the numerical order of convergence, as it is predicted by the theory.
By M we denote a generic positive constant independent of both the diffusion parameter ε and the discretization parameters N and N 0 , where N and N 0 are number of mesh intervals in x and t, respectively.
Asymptotic behavior of the continuous problem
Following similar ideas to [2, 8, 11] , here we give a priori estimates for the solution of the initial-boundary value problem (1.1) and its derivatives. First, we give the following comparison principle, which is similar to this one established in [8] .
Using Theorem 1 and the majorant functions technique, we obtain the following estimate for the solution of problem (1.1):
We estimate the derivatives of the solution on the sets G + and G − . Under sufficiently smooth data and appropriate compatibility conditions at the corners (−d, 0), (0, 0) and (d, 0) (we refer to [2, 6] for details), the problem (1.1) admits differentiation in t; then, a standard continuity argument proves that the derivatives in t satisfy
and
Now we consider initial-boundary value problems on the sets G + and G − .
Written the transformed problem in the variables ξ = ε −2 x, τ = ε −2 t, from classical theory we find the following estimate:
Using the previous argument for the mixed derivative, and taking into account the estimate (2.1), we obtain
Nevertheless, bounds (2.2) are not sufficient for the posterior analysis of the ε-uniform convergence of the numerical scheme. On each one of the sets G + and G − , the solution of problem (1.1) can be decomposed into the form
where
are the regular and the singular components of the solution, respectively.
In the same way as in [2] , we derive the estimate
showing that the derivatives of the regular part are ε-uniformly bounded, if k + k 0 ≤ 2. Now we consider the singular component. The function V + is the solution of the problem
and therefore, using a standard comparison theorem, we can deduce the following estimate for the derivatives in t:
Next, we prove that the singular component V + satisfies
where m 1 is an arbitrary positive constant satisfying the condition m 2 1 ≤ 2r 2 0 . Note that they are the same estimates that those ones proved in [2] , where the convective term is x ∂u ∂x . We define the barrier function
Hence, it holds
and therefore, if m
On the other hand, recalling that we have
the comparison principle proves
Using similar ideas for V − in the subdomain G − , we deduce the required result.
Now we find appropriate bounds of the partial derivatives, with respect to x, of the singular component. We pass to the variables ξ = ε −1 x, τ = t in the problem (2.5), and we obtain the transformed problem
where 
From (2.6) and (2.9), we can deduce the following estimates for the function V + in the original variables
Estimate (2.10) is fulfilled in the (α ε)-neighborhood of the set S + . Outside this neighborhood, the solution of the problem is smooth enough, that implies the smoothness of the component V + (x, t); then, applying a similar technique to that used in [8, 11] , on the set G + it holds the estimate
(2.11) In a similar way, we find estimates for the components U − (x, t) and
Theorem 2. We assume that the data of the initial-boundary value problem (1.1) satisfy sufficient compatibility conditions and that they are sufficiently smooth (see [2] ). Then, for the components
3) of the solution of (1.1), the estimates (2.4), (2.11) and (2.12) hold.
3 ε-uniform convergence of the numerical scheme
In this section we construct a finite difference scheme to solve the problem (1.1). We first construct the special mesh. Consider a uniform mesh for the time variable, denoted by ω 0 , where the step-size is τ = T /N 0 , and define a piecewise uniform mesh of Shishkin type for the space variable, denoted by ω, and such that x = 0 ∈ ω. The mesh condenses in a neighborhood of the interior layer (see, e.g., [8, 9, 10] and the references therein). We divide the
, where the transition parameter σ is defined by
with 0 < m ≤ min{r 0 , m 1 } and m 1 is defined in (2.7). Then, the rectangular grid is given by G h = ω × ω 0 . We approximate the problem (1.1) by
is the monotone approximation of the first-order derivative ∂ ∂x u(x, t) in the differential equation, δ x x z(x, t) is the central second-order difference derivative on a nonuniform grid, given by
δ x z(x, t) and δ x z(x, t) are the first-order (forward and backward respectively) difference derivatives
The finite difference scheme (3.2) is ε-uniformly monotone (see, e.g., [7] , [8] ). Therefore, it holds a discrete comparison principle.
The solution of the difference scheme (3.2) on the grid G h satisfies the estimate
i.e., the difference scheme converges ε-uniformly with first order in time and almost first order in space. The proof of this result is given in the appendix of this paper.
Numerical experiments
In this section we show the numerical results obtained for the test problem given by
whose solution is unknown. Figure 2 displays the numerical approximation on the piecewise-uniform Shishkin mesh for ε = 10 −2 , N = N 0 = 32; from it, we observe that the solution has an interior layer at x = 0. To approximate the numerical errors we use a variant of the double mesh principle (see, e.g., [4] , Chapter 8): the approximated error D
is the numerical solution obtained on G h by using the constant time step τ = 1/N 0 , and (N + 1) points in the spatial mesh, and U ε,2N,2N0 i,n is the numerical solution when the time step size is τ /2, and we take (2N + 1) points in the spatial mesh, but with the same transition parameter as in the original mesh G h . Both numerical solutions are compared in the coarse grid G h . For each fixed value of ε, the maximum global errors , and therefore, in a standard way, the numerical orders of convergence q are given by
From these values we obtain the ε-uniform errors D N,N0 and the ε-uniform orders of convergence q uni , respectively, by
log 2 .
To obtain the numerical results, first we take m = 1/2 in (3.1) to define the transition parameter σ. This is an admissible value since r 0 ≤ √ 2/2. Also, for simplicity, we take N = N 0 , but similar results are obtained in another case. Tables 1 and 2 display the results for problem (4.1), (4.2) in the case of a uniform and the piecewise-uniform Shishkin mesh, respectively. From them, we see that the numerical method is not ε-uniformly convergent on the uniform mesh, but it is ε-uniformly convergent on the piecewise uniform Shishkin mesh, showing the almost first order of ε-uniform convergence, in agreement with the theoretical error estimate (3.3). To see the influence of the constant m on the definition of the transition parameter in (3.1), and therefore in the distribution of the mesh points, we consider two new values for m. Table 3 displays the results when m = 1/5; from it, we see that the maximum errors and the orders of convergence are very similar to those ones of Table 2 for m = 1/2; so, we can conclude that for smaller values of m the results are practically the same.
Finally we take m = 5. Table 4 displays the results in this case; from it, we see that the maximum errors are greater than those ones of Table 2 and the Table 2 . Maximum errors and ε-uniform orders of convergence on the Shishkin mesh for problem orders of convergence are smaller than those ones of Table 2 . We also observe that for small values of ε the reduction of the maximum errors is not regular as N increases. Moreover, the order of ε-uniform convergence is reduced to 0.5. So, we can conclude that the constant m = 5 in the transition parameter is too large, and the experimental results are not adequate.
Conclusions
In this paper we have considered 1D parabolic singularly perturbed problems having a multiple degenerating convective term at an interior point and a discontinuous source term where the discontinuity is located at the same interior point. We have proved that a finite difference scheme, based on the implicit Euler method on a uniform mesh and the classical upwind scheme defined on a special mesh of Shishkin type, condensing in a neighborhood of the interior layer, converges ε-uniformly at the rate O(N −1 ln 2 N + N −1 0 ), where N + 1 and N 0 +1 are the numbers of nodes in the meshes in x and t variables, respectively. Some numerical experiments corroborating the theoretical results were showed. 
Appendix
In this appendix we give the proof of the ε-uniform convergence of the numerical method considered in Section 3, i.e., we prove the estimate (3.3) for the error associated to the finite difference scheme (3.2) on the piecewise-uniform Shishkin mesh. Firstly, we assume that the transition parameter is σ = d/4, i.e., the spatial mesh is uniform and the following condition holds:
We denote the mesh diameter by h = 1/N . The truncation error at the interior points of G h excluding the interface S ± h is given by
We will obtain appropriate estimates for each one of the three terms in the right-hand side and we will prove the convergence of the method using the comparison principle. We only give the details for x > 0, and similar estimates can be found for x < 0. Using Taylor expansions and the bounds (2.1) and (2.2) for the derivatives in time and space, respectively, it is straightforward to obtain
where g ∞ ≡ max G |g(x, t)| for any g(x, t) continuous on G. Now, we consider the grid points at the interface S ± ; then, we obtain
From the previous bounds, the discrete comparison principle of Theorem 3 proves
, which is the required result. Next, we assume that
i.e, the mesh is piecewise-uniform, which is the most interesting case. We write the components of the continuous problem as
Following to the continuous problem, we consider a decomposition of the numerical approximation as follows:
where the discrete regular component υ is the solution of the problem
and the discrete singular component w is the solution of the problem
For the regular component, it can be proved that the local error satisfies
and therefore, using again the discrete comparison principle, it follows
Next, we consider the singular component. Note that
We analyze the local error for the grid points in S ± h ; then, we have
Taking appropriate Taylor expansions, we obtain
and using that
x , the estimates (2.11) and (2.12), it follows
Finally, we study the error for the grid points in G + ∪ G − . As it is usual in the context of singularly perturbed problems, we analyze the error in a different way outside and inside the interior layer.
Using the triangular inequality, we obtain |w − V | ≤ |w| + |V |.
For the continuous function V we know that |V | ≤ M exp(−m 1 |x|/ε), and therefore it holds |V (x, t)| ≤ M N −1 , for |x| ≥ σ, using that 0 < m ≤ min{r 0 , m 1 }.
To obtain appropriate estimates for the discrete singular component, when |x| ≥ σ, we use the barrier function technique. So, we define the following discrete barrier function (h j + h j+1 )(ε + r 0 h j ) φ(x j , t) ≤ 2εr 2 0 ε + r 0 h j φ(x j , t) < 2r 2 0 φ(x j , t), δ x φ(x j , t) = 1 − 1 1 + r 0 h j /ε φ(x j , t) = h j r 0 ε + r 0 h j φ(x j , t)>0, δ t φ(x j , t) = 0.
Then, we can conclude that
On the other hand, for x j ∈ G (h j + h j+1 )(ε + r 0 h j+1 ) φ(x j , t) ≤ 2εr 2 0 ε + r 0 h j+1 φ(x j , t) < 2r 2 0 φ(x j , t), δ x φ(x j , t) = 1 1 + r 0 h j+1 /ε − 1 φ(x j , t) = −h j+1 r 0 ε + r 0 h j+1 φ(x j , t) < 0, δ t φ(x j , t) = 0, and therefore, it holds Λφ < 0, on G 
